An Investment

Recently an investment was offered that promised to pay investors $5,242 to investors who purchased the security for $1,871.39.

· What is the return on this investment?

· Is this investment a good deal?

· What information do you need before you can actually answer that question?

In dollar terms, the return is simply the difference between what you paid for the investment and how much it is worth at the end of the time period.

Return = 5,242 - 1,871.39 = $3,370.61

Returns are more often stated in terms of percentages.  To convert to percent, we simply divide the dollar return by the cost x 100%.

Return = 3,371 / 1,871 x 100% = 180%

Is this a Good Deal?

A return of 180% sounds like a good investment, but there is at least one important detail missing from the above description.  How long do we have to wait to receive that  $5,242?  If that payment were only one year away it would sound too good to be true.  If the payment is not due for 30 years, it probably isn’t anywhere near a good deal.  This investment was actually a provincial government bond with the payment due in 17.3 years, giving an effective rate of return of 6.13% annually.

This difference is what we mean when we talk about the time value of money.  Because we didn’t know how much time was involved in this investment, we didn’t know if it was a good deal.

Two other important things are missing from the description of this investment.  How certain is the payment and what do other similar investments pay.

Future Values

Single period investing: if you invest at a given rate of return for one period, how much do you have at the end of that period?

If you start with $200 and you are able to invest at a rate of 12%, at the end of that time you have $200 + ($200 x 12%) = $224.

Another way of writing that is:

FV = $200 x (1 + 0.12) = $224

We can generalize this expression as

FV = PV x (1 + r)

Where:

FV = Future value, the value of the investment at the end of the period.

PV = Present value, the value of the investment at the beginning of the period.

r = The rate of return, per period, that the investment earns.

Multi-period Investing

If we are able to reinvest the proceeds of our single period investment at the same rate of return we will end up with;

FV = ($200 x (1 + 0.12)) x (1 + 0.12)

FV = $250.88

or

FV = (PV x (1 + r)) x (1 + r)

Which can be converted to

FV = PV x (1 + r) 2
If we continue these steps we can come up with a generalization that

FV = PV x (1 + r) t
where
t = the number of periods (same period as r) that the proceeds of the investment are being reinvested.

Simple Interest

The previous page assumes that the investor is able to get the return on the investment at the end of the period and invest that income at the going rate (compounding).

There are some multi-period investments that compute the interest earned on the deposit but don't actually pay this interest until some time in the future, often the end of the investment contract.  This type of arrangement is called simple interest.  Since the interest has not been paid, it cannot be reinvested.  Therefore the interest that has been earned but not paid cannot earn interest.

How much of a difference would this make to the investor?  If we consider a $100 investment that pays 10% per year for 3 years, but pays simple interest, $10 in interest will be earned each year, and the total of $30 would be paid at the end of the 3 years.  If the able to compound, the investor would receive $33.10 in interest.

Who Uses Simple Interest?

 Even in that short 3 year time span the effects of compounding made a difference of more than 10% of the total dollar return.  For that reason, simple interest is not commonly used.

Many years ago simple interest was more common because it is very simple to calculate.

Simple interest is used for daily interest savings accounts and credit card balances.  With most of these accounts, if you check the fine print, you will see a statement such as "interest is calculated daily and paid monthly." So, interest that is earned on the first day of the month is not available to be reinvested until the end of the month.  The main motivation is to reduce the number of transactions reported every month.

Simple interest also shows up in some interest rate calculations due to market conventions; an example is in bond coupon rates.

Power of Compounding
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Future Value Tables

You can often find tables like the one below and the ones in Appendix A of the text.  These tables were once quite common.  They are becoming much less common as calculators become more prevalent.  One of the main reasons that tables are becoming so much less popular is the limited scope that the tables can have and be a reasonable size.  If your rate of return is not on the table, you can't use that table.  Interest rates are often quoted to three decimal places, for example 8.375% won't show up on most tables.

	
	Rate of Return (r)

	t
	2%
	4%
	6%
	8%
	10%
	12%

	1
	1.020
	1.040
	1.060
	1.080
	1.100
	1.120

	2
	1.040
	1.082
	1.124
	1.166
	1.210
	1.254

	3
	1.061
	1.125
	1.191
	1.260
	1.331
	1.405

	4
	1.082
	1.170
	1.262
	1.360
	1.464
	1.574

	5
	1.104
	1.217
	1.338
	1.469
	1.611
	1.762

	10
	1.219
	1.480
	1.791
	2.159
	2.594
	3.106

	15
	1.346
	1.801
	2.397
	3.172
	4.177
	5.474


Compound Growth Example

If an investor had set up a trust fund with $100 on July 1, 1867, when Canada was formed, how much would this investment be worth July 1, 2007 if it had earned 6% per year since that time?

The first step here is to determine the number of years invested, t = 2007 - 1867 = 140.  Since most tables don't have t = 140 as an option, we will use a calculator.

FV = PV x (1 + r) t
FV = $100 x (1 + 0.06) 140 = $348,997

How much would this have been worth if it had been a simple interest investment?

FV = PV x (1 + (t x r)) = $940

What Rate is that?

Our opening example had an investment that returned $5,242 on an investment of $1,871.39 over a period of 17.3 years.  What compound annual rate of return do these numbers imply?

FV = PV x (1 + r) t
5,242 = 1,871.39 x (1 + r) 17.3
Note: the exponent t does not have to be an integer.  The length of the time period must be expressed in the same type of period as the rate of return.

(1 + r) 17.3 = 5242 / 1871.39

1 + r = 2.8011 (1/17.3) = 1.061347

r = 0.061347 = 6.1347%

What would be the stated simple interest rate?

r = 180% / 17.3 = 10.4%

Finding the Time

If you currently have $15,000 and you want to buy a $20,000 car, how long would you have to invest your money in at 12% to be able to afford this purchase?

In this case we have the future value that we want, our initial investment, and the rate of return.  We can therefore use our basic formula to solve for t.

FV = PV x (1 + r) t

$20,000 = $15,000 x (1.12) t
1.3333 = 1.12 t

ln (1.3333) = ln (1.12 t) = t x ln (1.12)

t = 0.28768 / 0.113327 = 2.5385 years

Note: This assumes that the investment can be converted to cash at any time.  If it is a savings account that pays interest monthly that would be 2 years and 7 months.

Compound Growth

As a side note it should be stated that the math used to determine future values is the same as other forms of compound growth, for example population estimates.

If a company has a long-term growth rate in number of employees of 2.5% per year, how many employees would you expect the company to have in 5 years if they currently employ 15,000 people.

FV = PV x (1 + r) t

FV = 15,000 people x (1 + 0.025) 5

FV = 16,971 people

So, we would expect the company to grow by almost 2,000 employees over the next 5 years.

Present Value

In our future value formula of FV = PV x (1 + r) t you will note that I labeled the starting value of the investment as the present value.  If we divide both sides by the future value factor we arrive at a formula to find the present value of a sum of money to be received in a specific amount of time.

PV = FV / (1 + r) t

or

PV = FV x (1 + r) -t

In this case we call r the discount rate instead of the rate of return.  
PV Example

You are going to receive $20,000 three years from today.  If this payment is certain enough for a bank to lend you money at 6.125% per annum if you pledge the payment as collateral, how much could you afford to borrow?

PV = FV x (1 + r) -t

PV = $20,000 x (1 + 0.06125) -3

PV = $16,733.11

Therefore, if you borrowed $16,733.11 today, you would owe $20,000 to the bank 3 years from now when you are going to receive $20,000.  So, that $20,000 three years from now would be worth the same to you as $16,733.11 today.

A Note on Terminology

Calling the time value components present value and future value, can sometimes be a bit confusing.  There are times when we will take a future value as of the present, or even at some time in the past.  Similarly we can take present values as of some time in the future.

For example, the compound growth example took the future value as of July 1, 2007, which is in the past.  In some savings questions you need to take the present value of the desired payments to find the target number for your future value calculations.

An easier way to think of things is to remember that the FV is the final value of the investment, and the PV of the investment is the value at the beginning of the time period (prior value).

APR

If you look at advertised loan rates you will often see things that look like 

Financing is available at 18% a.p.r.* o.a.c.

* annual percentage rate with monthly compounding.

How much would you expect to owe at the end of one year if you borrowed $100 and made no payments?  Many consumers would expect to owe $118 and would be surprised to find that they would owe $119.56.

Where does the extra $1.56 come from?  This is another example of the power of compounding.  With the "monthly compounding" statement, the 18% annual rate is converted to 1.5% per month.  The APR is calculated by multiplying the number of periods per year by the rate per period.  Like simple interest, this ignores the effect of compounding although compounding is used.  This could be seen as misleading.

Why Use APR?

If APR can be seen as misleading, why is it so widely used?  How can companies get away with using this form of misleading advertising?

Although APR understates the true interest rate by ignoring the effects of compounding, that compounding is mentioned in the note.  Since APR is defined in the regulations that allow its use, it is seen as not misleading.  In fact, the use of APR is required by those regulations.

One place where it is required is in residential mortgage rates, which are stated as an APR with semi-annual compounding.  This enhances the consumer's ability to compare rates, but can still be confusing.

There is some pressure (regulatory dialectic) to amend the regulations to require that the effective interest rate be stated more clearly.

Finding Effective Rates

The effective rate of interest is simply the amount of interest that would accumulate in one period.  Returning to our previous example

Financing is available at 18% a.p.r.* o.a.c.

* annual percentage rate with monthly compounding.

Since this is really 1.5% per month, the effective rate per year would be calculated as the future value of $1 for 12 periods minus the $1 principal.

r a = (1 + r m) 12 - 1 = 19.56%

where

r a = the effective annual rate

r m = the effective monthly rate

r m = APR / number of periods per year

This allows the consumer to easily compare rates and shows the full cost of the loan far more transparently.

Annual Percentage Rate

APR = rate per period x periods per year

Effective Rate
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Note: A and B are compounding periods for which you have or want an effective rate per period.

For example A could be years and B could be months.  In that case, the “Number of B periods per A period” would be 12.

If A is days and B is weeks the “Number of B periods per A period” is 1/7.

The reason that this works is that if the two rates are the same, taking a future value for the same length of time should give you the same value.

More Frequent Compounding

How does the number of compounding periods affect the effective rate of interest on a loan? 

Using 10% as an example, annual compounding means an effective rate of 10% per year.  Semi-annual compounding means 5% per 6 months, which translates to (1.05) 2 - 1 a rate of 10.25% annually when the effects of compounding are considered.  Quarterly compounding converts to 2.5% per 3 months, or (1.025) 4 - 1 = 10.38%.

As can be seen in that example, the effective rate increases with every increase in the number of compounding periods.

Take it to the Limit

What happens when we increase the number of periods without bound?

Using a 12% APR as an example

	Compounding Period
	Number of periods per year
	Effective rate

	Annual
	1
	12.000%

	Semi
	2
	12.360%

	Quarterly
	4
	12.551%

	Monthly
	12
	12.683%

	daily
	365
	12.7474616%

	hourly
	8,760
	12.7495925%

	per minute
	525,600
	12.7496836%

	per second
	31,536,000
	12.7496851%

	continuous
	
	12.7496852%


With 12% as a base, the effective rate is about 3/4 of a percent higher than the stated rate.  This is an increase of about 6¼% of the rate that was quoted.  We refer to an APR with an infinite number of compounding periods as continuous compounding.

FV and PV with Continuous Compounding

How do we calculate that final number?  The effective rate formula of r = (1 + APR/m) m -1 doesn't really work if m =   To use continuous compounding we start with the definition of e.  The definition of e is the limit of (1 + 1/m) m as m which looks a lot like the formula for an effective rate with continuous compounding.  The present and future value formulas become

PV = FV x e -rt

FV = PV x e rt

where

r = The stated rate of return

t = the time period involved

Remember that the time periods must be consistent.

Multiple Cash Flows

In many cases, we want to consider more than one cash flow.  How would we value an asset that provides us with $100 at the end of each of the next five years if the appropriate discount rate is 7.5%?  We could handle this by simply adding the present value of each payment together.

PV = $100/1.075 + $100/1.0752 + $100/1.0753 + $100/1.0754 + $100/1.0755

PV = $404.59

With 5 cash flows, this process is not particularly cumbersome.  Some investments that we will want to consider have hundreds of cash flows.  Although this form is feasible if we are using a spreadsheet, we would still like to have a short cut to calculate the present value.

The Annuity
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If the payments that we are receiving (or making) are all of the same size and at regular intervals, we call this an annuity.  The present value, using the previous method is

where

r = effective discount rate per period

n = number of periodic payments

If we set the cash flow equal to one, we can eliminate that from the equation and convert it to a present value factor
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Then using some simple algebra we can change this expression into something simpler to use.

PVIFA(r, n)
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What I did above was to multiply both sides of the equation by (1 + r) and then subtract the original equation from the new equation.  By simplifying the resulting equation we are left with [1 - PV factor] / r, which is much shorter than a 300 term equation that we could have to deal with otherwise.

Using the PVIFA(r, n)
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What is the value of 48 monthly payments of $150 worth today if the effective monthly discount rate is 1%?

So that stream of cash flows would be worth $5,696.09 today, or a purchase of $5,696 could be financed with payments of $150 per month for 48 months.

Periodic Conflict

What happens if the payment period is not the same as the compounding period?

With single payment investments, if we had a monthly rate of return and a time period that was expressed in years, we simply multiplied the number of years by 12 to get t in terms of months. 

When you are valuing annuities, you can't use this tactic because we use n (the number of payments) instead of t (the time elapsed).

What we have to do is convert the given discount rate into an effective rate per payment period.

Effective Rates Revisited

As was stated earlier, the effective rate of interest is simply the amount of interest that would accumulate in one period.  Last time we converted a monthly interest rate into an annual rate.  It is the same thing going in reverse.  If we know the annual rate of return, we can calculate the monthly effective rate by finding the return on $1 for 1/12th of a period.

Given an annual rate of 10%, find the effective monthly interest rate.

r m = (1 + r a) 1/12 - 1 = 0.797414%

With this conversion we can now find the present value of an annuity that pays monthly and has a discount rate that is given in terms of percent per annum.

A Mismatched Annuity

You are shopping for a car.  Your bank has offered to finance your purchase over 5 years at 9.5% APR with semi-annual compounding.  If you can afford payments of $500 per month, what can you afford to pay for the car?

[image: image7.wmf](

)

8179

.

47

0077644

.

0

0077644

.

0

1

1

1

60)

 

77644,

PVIFA(0.00

60

=

+

-

=

Since the payments are made monthly we need to convert to monthly interest.
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Then we can use the annuity formula to find the PVIFA(0.0077644, 60).

Multiplying by the $500 payment we calculate that you can afford to pay up to $23,908.95 for your new car.  Don't forget the taxes.

Finding n

Your credit card has a balance of $1,000 and you decide to pay of that balance at the rate of $50 per month.  How long will it take to pay off that balance if the credit card charges 1.5% per month on the outstanding balance?
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Here we have the present value, discount rate and payment.  What we need to find is the number of periods.

It would take 2 years to pay off the balance since n must be an integer.

Implied Rates

You have loaned a friend $200. If they offered to repay you $20 per month 11 months, what rate of interest have they implicitly offered to pay?

To solve this algebraically you would have to solve an 11th order polynomial.  This is not a simple thing, so we'll solve this sort of question by trial and error.

The PVIFA is 10 ($200/$20), with 11 payments.

At 2% per month the PVIFA is 9.79.

The PVIFA is higher than that, so the implied interest rate is lower than 2% per month.

At 1.5% the PVIFA increases to 10.07, so the rate is higher than that.

Using a spreadsheet or financial calculator, we can find the rate is 1.6231% per month, which converts to 21.3% on an effective annual basis.

Future Value of an Annuity
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We could go through the process of deriving the future value formula of an annuity, or we could start with the formula for the present value of an annuity and future value that expression as if it were a single payment.

Note: I used n instead of t in the future value factor.  This is allowable because we first have to make sure that the periods measuring n and t are the same.  Since we get one payment per period, the number of payments equals the number of periods.

Saving Up

You want to retire early with a million dollars in the bank. You can earn a return of 9% APR with monthly compounding.  How much would you have to deposit at the end of each month to have a million dollars in 30 years?
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9% APR with monthly compounding already assumes monthly compounding, so the monthly rate is simply 9/12 % per month.

Depositing $546.23 per month would give you that million-dollar nest egg.  Of course after inflation, it might not be enough to allow you to retire.

Combining PV and FV

You have decided that you will need $5,000 per month for 30 years after you retire, 40 years from now.  If you invest an equal amount each month, what will that amount need to be if your earn 12% annually on your investments?

Step 1:  rm = 1.121/12 - 1 = 0.0094888

Step 2: find the amount you need in 40 years.
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Step 3: find the periodic cash flow that has a future value of 509,349.34.

So you would need to invest $52.50 to afford this pension.

Perpetuities

If we continue to increase the number of periods over which the cash flow is received, is there any limit to the PVIFA?

[image: image14.wmf](

)

(

)

r

r

PVIFA

r

PVIFA

CF

PV

r

CF

PV

CF

r

PV

Interest

a

a

a

1

,

,

1

=

¥

¥

´

=

´

=

=

´

=


In other words, the present value of the perpetuity (also know as a consol) is the inverse of the periodic discount rate.

Therefore if the discount rate is 1% per month, the present value of $1 per month forever is $100.

A Different Way

If you have $1,000 balance on your credit card and you are being charged 1.5% per month, how long would it take to pay off the balance if you paid $15 per month?

Since the interest charged each month is $15 and the monthly payment is $15, the balance will never be paid off.  In other words, you would need an infinite number of payments…. which is the definition of a perpetuity.
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You could also do the same thing assuming that you had a savings account and withdrew the accumulated interest every period.

PVIFA Again

We can use the present value of a perpetuity formula to derive the PVIFA formula.  An annuity is similar to gaining a perpetuity and losing it some time in the future.  At the start of the period we gain a perpetuity (PV 0 = 1 / r), at time n we lose that perpetuity (PV n = 1 /r), which we have to discount to the present.
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So if we treat an annuity as a perpetuity that we lose at a future date, we get the same result as that algebraic manipulation that we did earlier.

Growing Perpetuities

With inflation and an expectation that our earning power grows over time, level payments may not always sound reasonable.

If we want to allow for payments that increase over time, can we find a short cut?

If those payments increase at a constant rate, we have changed the geometric series for an annuity or perpetuity, but it is still a geometric series and we can simplify it using the same method as earlier.

Growing Perpetuities
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In effect, if the perpetuity is growing, we subtract the rate of growth from the discount rate to find the present value factor.

Timing

When we found the present value of an annuity by summing the present value of the payments we, discounted the first payment by one period.  This implicitly assumes that the cash flow occurs at the end of the period.

All of the later simplifications started from the same point.  Therefore all of these formulas assume that the payments arrive at the end of the time period.  Not surprisingly, that is also the default timing that is use by financial calculators.

An annuity with this sort of timing is called an ordinary annuity.

Since this is the default assumption, if you are dealing with an annuity problem, assume that the payments occur at the end of the period unless it is explicitly stated that they occur at some other time.

Annuities Due

How can we value an annuity that makes payments as of the start of the period instead of at the end of the period?

One method of valuing this form of annuity is to separate the first payment, breaking the annuity into two pieces, a single payment at the beginning and an ordinary annuity with one less period.

The more conventional method is to use the formula for an annuity due.  The PVIFA due (r, n) is the PVIFA(r, n) x (1+r).  The FVIFA due (r, n) is the FVIFA(r, n) x (1+r).

Why is this the case?  If we look at the annuity due from one period earlier, it is just an ordinary annuity.  To bring it to the annuity due we need to future value the ordinary annuity for one period.

An Annuity Due

If you are prepared to pay $75 per month, how much can you afford to spend if you are offered terms of; no interest, no payments for 3 months, and 21% APR (monthly compounding) after that time period, with 36 equal monthly payments?

Since interest isn't charged during the first 3 months, the amount owed at that time is the same as the purchase price.  So, 3 months from now the present value of the payments is equal to the purchase price, and the first payment is due.  Therefore we have an annuity due.

The payment period is monthly so we need the effective monthly rate.  The 21% APR converts to a monthly rate of 1.75%, n is 36,

PVIFA due = (1 + r) x PVIFA = 27.007

PVa = CF x PVIFA due = $2,025.54

So, you could spend a bit over $2 thousand.

Other Timing

An annuity will pay $100 on January 31 and the last day of each month for the rest of the year.  What is the present value of this annuity if the appropriate discount rate is 0.8% per month and the date is January 17?

If we consider the present value of these payments as of the start of the year, this is a regular annuity.  We can calculate that, as of January 1, the annuity had a value of $1,139.86.  We then future value that value for 17 days, or 17/31 of the month of January.
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You could also value the investment by taking its value as an annuity due, as of January 31 and present valuing that value for 14 days.

Pure Discount Loans
With this type of loan the borrower makes no payments until the due date at which time they pay the principal and all accumulated interest.  The present or value of this type of loan is simple to calculate, being the same as valuing single period investments.

Most money market transactions take the form of pure discount loans.  This includes bankers' acceptances and government treasury bills (called T-Bills for short).

T-Bills are issued in denominations of $1 million. Investment dealers often buy T-Bills and break them up, selling them in denominations as low as $1,000.

Interest Only Loans

If the loan agreement calls for the borrower to pay the accumulated interest on a periodic basis and repay the initial loan value and accumulated interest at the end of the term, we refer to this as an interest only loan.

Most bonds have this form of payment schedule.  The basic method of valuing this form of loan is to split the value into two components, the periodic interest payments (an ordinary annuity) and the lump sum (also known as a balloon payment).  We will go into this in more detail in the next topic.

If the appropriate discount rate is equal to the interest rate on the loan, the present value is simply the amount borrowed.

Amortized Loans

An amortized loan calls for the borrower to make a series of payments that partially pay off the principal of the loan over the life of the loan, leaving an outstanding balance of zero at the end of the loan.

Amortized loans can include terms such as all accumulated interest each period plus a fixed amount towards the principal (common in medium-term business loans).

The most common form of amortized loan calls for the borrower to make payments that are the same amount every period.  This is what we have been doing with annuity valuation.

Residential Mortgages

As mentioned earlier, Canadian regulations require mortgage rates to be quoted as an annual percentage rate with semi-annual compounding.

When we calculate the monthly payment for a mortgage, we calculate the effective monthly rate, and set n to some large value, often 240 or more periods (20 years).  This large number is known as the amortization period.  If the terms of the loan were fixed over the entire 20 years then we would actually have an amortized loan.  In Canada it is very rare to be able to fix an interest rate for that length of time.  Usually the mortgage is for a shorter period of time than the amortization period; this is referred to as the term of the mortgage.

If the term is less than the amortization period, we have what is called partial amortization.

Partial Amortization

With this form of loan the borrower pays the accumulated interest and an amount towards the principal of the loan each period.  At the end of the loan the borrower still has a balance owing which must be paid at that time.

If you borrow $200,000 at 8%, with an amortization period of 20 years and a term of 3 years, what are your monthly payments and how much do you still owe at the end of the mortgage term?

r m = (1 + .04) 1/6 -1 = 0.0065582

PVIFA(0.0065582, 240) = 120.72083

Payment = 200,000 / 120.72083

= 1,656.715

So the monthly payment would be $1,656.72

What's the Balance?

After the 3-year term you have to pay off the balance of the loan.  How do you know how much you still owe?

One method is to complete an amortization table showing the outstanding balance each month.

	rate =
	0.65582%
	APR=
	8.0000%
	

	Period
	Beginning balance
	interest
	payment
	outstanding balance

	1
	200,000.00 
	1,311.64 
	1,656.72 
	199,654.92 

	2
	199,654.92 
	1,309.38 
	1,656.72 
	199,307.58 

	3
	199,307.58 
	1,307.10 
	1,656.72 
	198,957.95 

	4
	198,957.95 
	1,304.81 
	1,656.72 
	198,606.04 

	5
	198,606.04 
	1,302.50 
	1,656.72 
	198,251.82 

	{snip}
	
	
	
	

	33
	187,757.67 
	1,231.35 
	1,656.72 
	187,332.30 

	34
	187,332.30 
	1,228.56 
	1,656.72 
	186,904.14 

	35
	186,904.14 
	1,225.75 
	1,656.72 
	186,473.18 

	36
	186,473.18 
	1,222.93 
	1,656.72 
	186,039.39 


This isn't difficult if you have access to a computer with a spreadsheet package, but it is quite cumbersome even then.

Other Methods

A second method would take the future value of the loan if you made no payments and subtract the future value of the payments.

FV loan = 200,000 x (1.04) 6 = 253,063.80

FV pay = 1,656.72 x FVIFA(0.0065582, 36)

= 67,024.42

Balance = 186,039.39

The same as the amortization table.

One more method would be to take the present value of the remaining 204 payments that would be required if the loan term were 20 years.  Due to rounding up to the next cent, the final payment is $2.92 less, a present value of  $0.77.

PV loan = 1,656.72 x PVIFA(.656%, 204) -.77

= 186,039.39

So, all 3 methods give us the same value.

Lease Financing

Lease financing is a growing segment of the market place.  In most cases this is another form of partial amortization as opposed to a rental agreement.

For example, when leasing a car, at the end of the lease, the lessee has 3 options.

· They may buy the vehicle for a fixed price equal to the "balloon" payment that would be required if they had entered an explicit partial amortization agreement. This amount is less than the expected market value of the car.

· They can return the vehicle if it is in a condition acceptable to the dealer.

· They can return the vehicle plus pay a penalty to the dealer based on an excess km charge and the cost of any required repairs.
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		4		1.00		1.22		1.46		2.07

		6		1.00		1.34		1.77		2.99

		8		1.00		1.48		2.14		4.30

		10		1.00		1.63		2.59		6.19

		12		1.00		1.80		3.14		8.92

		14		1.00		1.98		3.80		12.84

		16		1.00		2.18		4.59		18.49

		18		1.00		2.41		5.56		26.62

		20		1.00		2.65		6.73		38.34

		22		1.00		2.93		8.14		55.21

		24		1.00		3.23		9.85		79.50

		26		1.00		3.56		11.92		114.48

		28		1.00		3.92		14.42		164.84

		30		1.00		4.32		17.45		237.38

		32		1.00		4.76		21.11		341.82

		34		1.00		5.25		25.55		492.22

		36		1.00		5.79		30.91		708.80

		38		1.00		6.39		37.40		1020.67

		40		1.00		7.04		45.26		1469.77





P of C

		



0%

5%

10%

20%

Years

Value

FV of $1



Mortgage

		k=		0.0089633939		Payment		$   1,273.43

		Payment #		interest		Principal		Balance

		0		- 0		- 0		$   132,300

		1		1,185.86		87.57		$   132,212

		2		1,185.07		88.36		$   132,124

		3		1,184.28		89.15		$   132,035

		4		1,183.48		89.95		$   131,945

		5		1,182.67		90.76		$   131,854

		6		1,181.86		91.57		$   131,763

		7		1,181.04		92.39		$   131,670

		8		1,180.21		93.22		$   131,577

		9		1,179.38		94.05		$   131,483

		10		1,178.53		94.90		$   131,388

		11		1,177.68		95.75		$   131,292

		12		1,176.82		96.61		$   131,196

		13		1,175.96		97.47		$   131,098

		14		1,175.09		98.34		$   131,000

		15		1,174.20		99.23		$   130,901

		16		1,173.31		100.12		$   130,801

		17		1,172.42		101.01		$   130,700

		18		1,171.51		101.92		$   130,598

		19		1,170.60		102.83		$   130,495

		20		1,169.68		103.75		$   130,391

		21		1,168.75		104.68		$   130,286

		22		1,167.81		105.62		$   130,181

		23		1,166.86		106.57		$   130,074

		24		1,165.91		107.52		$   129,967

		25		1,164.94		108.49		$   129,858

		26		1,163.97		109.46		$   129,749

		27		1,162.99		110.44		$   129,638

		28		1,162.00		111.43		$   129,527

		29		1,161.00		112.43		$   129,414

		30		1,159.99		113.44		$   129,301

		31		1,158.98		114.45		$   129,187

		32		1,157.95		115.48		$   129,071

		33		1,156.91		116.52		$   128,955

		34		1,155.87		117.56		$   128,837

		35		1,154.82		118.61		$   128,718

		36		1,153.75		119.68		$   128,599

		37		1,152.68		120.75		$   128,478

		38		1,151.60		121.83		$   128,356

		39		1,150.51		122.92		$   128,233

		40		1,149.40		124.03		$   128,109

		41		1,148.29		125.14		$   127,984

		42		1,147.17		126.26		$   127,858

		43		1,146.04		127.39		$   127,730

		44		1,144.90		128.53		$   127,602

		45		1,143.75		129.68		$   127,472

		46		1,142.58		130.85		$   127,341

		47		1,141.41		132.02		$   127,209

		48		1,140.23		133.20		$   127,076

		49		1,139.03		134.40		$   126,942

		50		1,137.83		135.60		$   126,806

		51		1,136.61		136.82		$   126,669

		52		1,135.39		138.04		$   126,531

		53		1,134.15		139.28		$   126,392

		54		1,132.90		140.53		$   126,251

		55		1,131.64		141.79		$   126,110

		56		1,130.37		143.06		$   125,967

		57		1,129.09		144.34		$   125,822

		58		1,127.79		145.64		$   125,677

		59		1,126.49		146.94		$   125,530

		60		1,125.17		148.26		$   125,381

		61		1,123.84		149.59		$   125,232

		62		1,122.50		150.93		$   125,081

		63		1,121.15		152.28		$   124,929

		64		1,119.78		153.65		$   124,775

		65		1,118.41		155.02		$   124,620

		66		1,117.02		156.41		$   124,464

		67		1,115.62		157.81		$   124,306

		68		1,114.20		159.23		$   124,146

		69		1,112.77		160.66		$   123,986

		70		1,111.33		162.10		$   123,824

		71		1,109.88		163.55		$   123,660

		72		1,108.41		165.02		$   123,495

		73		1,106.94		166.49		$   123,329

		74		1,105.44		167.99		$   123,161

		75		1,103.94		169.49		$   122,991

		76		1,102.42		171.01		$   122,820

		77		1,100.89		172.54		$   122,648

		78		1,099.34		174.09		$   122,474

		79		1,097.78		175.65		$   122,298

		80		1,096.20		177.23		$   122,121

		81		1,094.62		178.81		$   121,942

		82		1,093.01		180.42		$   121,761

		83		1,091.40		182.03		$   121,579

		84		1,089.76		183.67		$   121,396

		85		1,088.12		185.31		$   121,210

		86		1,086.46		186.97		$   121,023

		87		1,084.78		188.65		$   120,835

		88		1,083.09		190.34		$   120,644

		89		1,081.38		192.05		$   120,452

		90		1,079.66		193.77		$   120,259

		91		1,077.93		195.50		$   120,063

		92		1,076.17		197.26		$   119,866

		93		1,074.40		199.03		$   119,667

		94		1,072.62		200.81		$   119,466

		95		1,070.82		202.61		$   119,263

		96		1,069.00		204.43		$   119,059

		97		1,067.17		206.26		$   118,853

		98		1,065.32		208.11		$   118,645

		99		1,063.46		209.97		$   118,435

		100		1,061.58		211.85		$   118,223

		101		1,059.68		213.75		$   118,009

		102		1,057.76		215.67		$   117,793

		103		1,055.83		217.60		$   117,576

		104		1,053.88		219.55		$   117,356

		105		1,051.91		221.52		$   117,135

		106		1,049.92		223.51		$   116,911

		107		1,047.92		225.51		$   116,686

		108		1,045.90		227.53		$   116,458

		109		1,043.86		229.57		$   116,229

		110		1,041.80		231.63		$   115,997

		111		1,039.73		233.70		$   115,763

		112		1,037.63		235.80		$   115,527

		113		1,035.52		237.91		$   115,290

		114		1,033.39		240.04		$   115,050

		115		1,031.23		242.20		$   114,807

		116		1,029.06		244.37		$   114,563

		117		1,026.87		246.56		$   114,316

		118		1,024.66		248.77		$   114,068

		119		1,022.43		251.00		$   113,817

		120		1,020.18		253.25		$   113,563

		121		1,017.91		255.52		$   113,308

		122		1,015.62		257.81		$   113,050

		123		1,013.31		260.12		$   112,790

		124		1,010.98		262.45		$   112,527

		125		1,008.63		264.80		$   112,263

		126		1,006.25		267.18		$   111,996

		127		1,003.86		269.57		$   111,726

		128		1,001.44		271.99		$   111,454

		129		999.01		274.42		$   111,180

		130		996.55		276.88		$   110,903

		131		994.06		279.37		$   110,623

		132		991.56		281.87		$   110,341

		133		989.03		284.40		$   110,057

		134		986.48		286.95		$   109,770

		135		983.91		289.52		$   109,481

		136		981.32		292.11		$   109,188

		137		978.70		294.73		$   108,894

		138		976.06		297.37		$   108,596

		139		973.39		300.04		$   108,296

		140		970.70		302.73		$   107,994

		141		967.99		305.44		$   107,688

		142		965.25		308.18		$   107,380

		143		962.49		310.94		$   107,069

		144		959.70		313.73		$   106,755

		145		956.89		316.54		$   106,439

		146		954.05		319.38		$   106,119

		147		951.19		322.24		$   105,797

		148		948.30		325.13		$   105,472

		149		945.39		328.04		$   105,144

		150		942.45		330.98		$   104,813

		151		939.48		333.95		$   104,479

		152		936.49		336.94		$   104,142

		153		933.47		339.96		$   103,802

		154		930.42		343.01		$   103,459

		155		927.34		346.09		$   103,113

		156		924.24		349.19		$   102,764

		157		921.11		352.32		$   102,412

		158		917.95		355.48		$   102,056

		159		914.77		358.66		$   101,697

		160		911.55		361.88		$   101,335

		161		908.31		365.12		$   100,970

		162		905.04		368.39		$   100,602

		163		901.74		371.69		$   100,230

		164		898.40		375.03		$   99,855

		165		895.04		378.39		$   99,477

		166		891.65		381.78		$   99,095

		167		888.23		385.20		$   98,710

		168		884.78		388.65		$   98,321

		169		881.29		392.14		$   97,929

		170		877.78		395.65		$   97,533

		171		874.23		399.20		$   97,134

		172		870.65		402.78		$   96,731

		173		867.04		406.39		$   96,325

		174		863.40		410.03		$   95,915

		175		859.72		413.71		$   95,501

		176		856.02		417.41		$   95,084

		177		852.27		421.16		$   94,663

		178		848.50		424.93		$   94,238

		179		844.69		428.74		$   93,809

		180		840.85		432.58		$   93,377

		181		836.97		436.46		$   92,940

		182		833.06		440.37		$   92,500

		183		829.11		444.32		$   92,055

		184		825.13		448.30		$   91,607

		185		821.11		452.32		$   91,155

		186		817.06		456.37		$   90,698

		187		812.97		460.46		$   90,238

		188		808.84		464.59		$   89,773

		189		804.67		468.76		$   89,305

		190		800.47		472.96		$   88,832

		191		796.23		477.20		$   88,354

		192		791.96		481.47		$   87,873

		193		787.64		485.79		$   87,387

		194		783.29		490.14		$   86,897

		195		778.89		494.54		$   86,402

		196		774.46		498.97		$   85,903

		197		769.99		503.44		$   85,400

		198		765.47		507.96		$   84,892

		199		760.92		512.51		$   84,380

		200		756.33		517.10		$   83,862

		201		751.69		521.74		$   83,341

		202		747.02		526.41		$   82,814

		203		742.30		531.13		$   82,283

		204		737.54		535.89		$   81,747

		205		732.73		540.70		$   81,207

		206		727.89		545.54		$   80,661

		207		723.00		550.43		$   80,111

		208		718.06		555.37		$   79,555

		209		713.09		560.34		$   78,995

		210		708.06		565.37		$   78,430

		211		702.99		570.44		$   77,859

		212		697.88		575.55		$   77,284

		213		692.72		580.71		$   76,703

		214		687.52		585.91		$   76,117

		215		682.27		591.16		$   75,526

		216		676.97		596.46		$   74,929

		217		671.62		601.81		$   74,328

		218		666.23		607.20		$   73,720

		219		660.78		612.65		$   73,108

		220		655.29		618.14		$   72,490

		221		649.75		623.68		$   71,866

		222		644.16		629.27		$   71,237

		223		638.52		634.91		$   70,602

		224		632.83		640.60		$   69,961

		225		627.09		646.34		$   69,315

		226		621.30		652.13		$   68,663

		227		615.45		657.98		$   68,005

		228		609.55		663.88		$   67,341

		229		603.60		669.83		$   66,671

		230		597.60		675.83		$   65,995

		231		591.54		681.89		$   65,313

		232		585.43		688.00		$   64,625

		233		579.26		694.17		$   63,931

		234		573.04		700.39		$   63,231

		235		566.76		706.67		$   62,524

		236		560.43		713.00		$   61,811

		237		554.04		719.39		$   61,092

		238		547.59		725.84		$   60,366

		239		541.08		732.35		$   59,633

		240		534.52		738.91		$   58,894

		241		527.89		745.54		$   58,149

		242		521.21		752.22		$   57,397

		243		514.47		758.96		$   56,638

		244		507.67		765.76		$   55,872

		245		500.80		772.63		$   55,099

		246		493.88		779.55		$   54,320

		247		486.89		786.54		$   53,533

		248		479.84		793.59		$   52,740

		249		472.73		800.70		$   51,939

		250		465.55		807.88		$   51,131

		251		458.31		815.12		$   50,316

		252		451.00		822.43		$   49,494

		253		443.63		829.80		$   48,664

		254		436.19		837.24		$   47,826

		255		428.69		844.74		$   46,982

		256		421.12		852.31		$   46,129

		257		413.48		859.95		$   45,269

		258		405.77		867.66		$   44,402

		259		397.99		875.44		$   43,526

		260		390.14		883.29		$   42,643

		261		382.23		891.20		$   41,752

		262		374.24		899.19		$   40,853

		263		366.18		907.25		$   39,945

		264		358.05		915.38		$   39,030

		265		349.84		923.59		$   38,106

		266		341.56		931.87		$   37,175

		267		333.21		940.22		$   36,234

		268		324.78		948.65		$   35,286

		269		316.28		957.15		$   34,329

		270		307.70		965.73		$   33,363

		271		299.04		974.39		$   32,388

		272		290.31		983.12		$   31,405

		273		281.50		991.93		$   30,413

		274		272.61		1,000.82		$   29,413

		275		263.64		1,009.79		$   28,403

		276		254.59		1,018.84		$   27,384

		277		245.45		1,027.98		$   26,356

		278		236.24		1,037.19		$   25,319

		279		226.94		1,046.49		$   24,272

		280		217.56		1,055.87		$   23,216

		281		208.10		1,065.33		$   22,151

		282		198.55		1,074.88		$   21,076

		283		188.91		1,084.52		$   19,992

		284		179.19		1,094.24		$   18,897

		285		169.39		1,104.04		$   17,793

		286		159.49		1,113.94		$   16,679

		287		149.50		1,123.93		$   15,556

		288		139.43		1,134.00		$   14,422

		289		129.27		1,144.16		$   13,277

		290		119.01		1,154.42		$   12,123

		291		108.66		1,164.77		$   10,958

		292		98.22		1,175.21		$   9,783

		293		87.69		1,185.74		$   8,597

		294		77.06		1,196.37		$   7,401

		295		66.34		1,207.09		$   6,194

		296		55.52		1,217.91		$   4,976

		297		44.60		1,228.83		$   3,747

		298		33.59		1,239.84		$   2,507

		299		22.47		1,250.96		$   1,256

		300		11.26		1,262.17		$   (6)





Interest

		Year		Pay't #		interest		Principal

		1		12		1,176.82		96.61

		2		24		1,165.91		107.52

		3		36		1,153.75		119.68

		4		48		1,140.23		133.20

		5		60		1,125.17		148.26

		6		72		1,108.41		165.02

		7		84		1,089.76		183.67

		8		96		1,069.00		204.43

		9		108		1,045.90		227.53

		10		120		1,020.18		253.25

		11		132		991.56		281.87

		12		144		959.70		313.73

		13		156		924.24		349.19

		14		168		884.78		388.65

		15		180		840.85		432.58

		16		192		791.96		481.47

		17		204		737.54		535.89

		18		216		676.97		596.46

		19		228		609.55		663.88

		20		240		534.52		738.91

		21		252		451.00		822.43

		22		264		358.05		915.38

		23		276		254.59		1,018.84

		24		288		139.43		1,134.00

		25		300		11.26		1,262.17
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